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Alan Bennett (1995) Variation on the Klein bottle, 1995. Science Museum Group Collection Online.

Max Lieberman: Felix Klein (1912), Mathematisches Institut Göttingen

Felix Klein (1849–1925)
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Bryn Mawr College Special Collections

English translation: arxiv:physics/0503066
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Felix Klein (19 July 1918)
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Jahresbericht der Deutschen Mathematiker-Vereinigung
Mitteilungen und Nachrichten. vol 27, part 2, p. 47 (1918).

Superior translation!
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English translation: arxiv:physics/0503066

Invariant Variational Problems
I.

If the integral I is invariant under a finite continuous group Gρ with ρ
parameters, then there are ρ linearly independent combinations among the
Lagrangian expressions that become divergences—and conversely, that implies
the invariance of I under a group Gρ.
I includes all the known theorems in mechanics, etc., concerning first integrals.
∞
G ρ

II. If the integral I is invariant under an infinite continuous group
depending
on ρ arbitrary functions and their derivatives up to order σ, then there are ρ
identities among the Lagrangian expressions and their derivatives up to order
σ. Here as well the converse is valid.
II can be described as the maximum generalization in group theory of “general relativity.”
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Elementary Consequences of Theorem I
Translation in space
No preferred location

Momentum Conservation

Translation in time
No preferred time

Energy Conservation

Rotational invariance
No preferred direction

Angular Momentum Conservation

Boost invariance
No preferred frame

“Center-of-momentum theorem”

All known at some level before Theorem I, of which they are special cases.
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Theorem II contains the seeds of gauge theories (“Symmetries dictate
interactions”) and exhibits the kinship between general relativity (general
coordinate invariance) and gauge theories.
Clarified Klein & Hilbert’s issue about energy conservation in General Relativity.*

Cf. Arnowitt–Deser–Misner (1962)

Feza Gürsey (cf. Introduction to Noether’s Collected Works, 1983):
Before Noether’s Theorem, the principle of conservation of energy was shrouded in
mystery, leading to the obscure physical systems of Mach and Ostwald. Noether’s
simple and profound mathematical formulation did much to demystify physics.

* K. Brading, “A Note on General Relativity,
Energy Conservation, and Noether’s Theorems”

Theorem I links a conservation law with every continuous symmetry
transformation under which the Lagrangian is invariant in form.

Generalized symmetries of I anticipate conservation laws of solitons, etc.
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Colliding Korteweg–de Vries solitons: ∞ hierarchy of conservation laws
vt - 6vvx + vxxx = 0
General treatment: S. Coleman,
“Classical Lumps and Their Quantum Descendants”

Gardner, Greene, Kruskal, Miura, Zabulsky (1960s)
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Amalie Emmy Noether ✴ 23 March 1882· Erlangen

1900 ?
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Father, Max Noether, Professor of Mathematics at Erlangen from 1875

Algebraic geometry / curves on surfaces
Academies of Berlin, Göttingen, Munich, Budapest, Copenhagen,Turin,
Accademia dei Lincei, Institut de France, London Mathematical Society
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Felix Klein’s Inaugural Address at Erlangen, 1872
set out a research plan to study geometry from
the perspective of group theory.
Commentary: Garrett Birkhoff, M. K. Bennett,
Felix Klein and His “Erlanger Programm” (1988).

PROFESSOR FELIX KLEIN.
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44. Clebsch-Gordan Coeﬃcients, Spherical Harmonics, and d Functions
!
Note: A square-root sign is to be understood over every coeﬃcient, e.g., for −8/15 read − 8/15.
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Figure 44.1: The sign convention is that of Wigner (Group Theory, Academic Press, New York, 1959), also used by Condon and Shortley (The
Theory of Atomic Spectra, Cambridge Univ. Press, New York, 1953), Rose (Elementary Theory of Angular Momentum, Wiley, New York, 1957),
and Cohen (Tables of the Clebsch-Gordan Coeﬃcients, North American Rockwell Science Center, Thousand Oaks, Calif., 1974).

Paul Gordan
Erlangen Professor, 1874–1912
“Ein Algorithmiker”
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1889–1897: Städtische Höheren Töchterschule
1900: Bavarian State Exam for teachers of French and English
1900: Could not enroll in University of Erlangen, permitted to audit
Admission of women would overthrow all academic order
—Erlangen Academic Senate, 1898
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Erlangen, den 2. Oct[ober] 1900
An das Prorektorat der K[öniglichen] Universität Erlangen
Betreff: Bitte um Zulassung als Hörerin

Source Cordula Tolmien

Die gehorsamst Unterzeichnete Tochter des k[öniglichen]
Universitätsprofessors Dr. Max Noether in Erlangen, geboren am 23. März
1882, wünscht, als Hörerin an der philosophischen Fakultät der
K[öniglichen] Universität Erlangen zugelassen zu werden.
Dieselbe hat nach den beiliegenden beiden Prüfungszeugnissen im Monat
April 1900 in Ansbach die Lehrerinnenprüfungen in der französischen und
in der englischen Sprache mit Note I bestanden. Das mathematische
Pensum des humanistischen Gymnasiums hat sie sich durch
Privatunterricht bei Herrn Dr. Mäule in Stuttgart und Herrn Dr. E[rnst]
Schöner, Professor am Gymnasium zu Erlangen, angeeignet.
Auf Grund dieser Vorbildung erlaubt sie sich, das K[öniglichen] Prorektorat
ergebenst zu ersuchen, ihr die Erlaubnis zum Besuche sowohl der
mathematisch-physikalischen, als der neuphilologischen Vorlesungen beim
K[öniglichen] Staatsministerium erwirken zu wollen.
Gehorsamst Emmy Noether
Detailed account: C. Tollmien, Mathematik und Gender 5 (2016) 1-12
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1903: Passed Reifeprüfung (university qualification), enrolled in
University of Göttingen. Lecture courses given by Karl Schwarzschild,
Hermann Minkowski, Felix Klein, David Hilbert, …
1904: Admitted to Uni-Erlangen as student of mathematics.
1907: D. Phil. summa cum laude under Paul Gordan (his only student)
Über die Bildung des Formensystems der ternären biquadratischen Form
!
t
s
i
M
(On the construction of the system of forms of a ternary quartic form)
Computation of all 331 invariants of a homogeneous polynomial
(First woman math Ph.D. in Europe: Sofia Kovalevskaya [Göttingen, 1874,
with Karl Weierstraß]; Full Prof. Stockholm 1889, d. 1891)
1908–1915: Unpaid member of Erlangen Mathematical Institute
influence of Ernest Fischer
18

1915: Invited to Göttingen (Mount Olympus) by Klein & Hilbert
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“I have had up to now uniformly unsatisfactory experiences with female students and I hold
that the female brain is unsuited to mathematical production. Miss Noether seems to be a
rare exception.”
—Göttingen Mathematician Edmund Landau in his
referee report for the Habilitation of Emmy Noether, 1915

Historical-Philological Department opposed
Concern that seeing a female organism might be distracting to the students.

Full German texts in C. Tollmien, “Weibliches Genie:
Frau und Mathematiker: Emmy Noether”

1915: Habilitation lecture to become Privatdozent in Göttingen, with unanimous
support of the Math / Science Department of the Philosophical Faculty

Special vote against the Habilitation of Emmy Noether, 19 November 1915

Not approved; EN permitted to lecture under Hilbert’s name
21

Edelstein Collection, National Library of Israel

1917: Another failed try
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1919: Legal status of women improved after War of 1914–1918
(Weimar Republic)
Habilitation granted on the basis of Invariante Variationsprobleme
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1918: Hermann Weyl speculated on a scale-symmetry–based
unified theory of electromagnetism and gravitation. Failed!
1929: After invention of quantum mechanics, succeeded in
deriving electrodynamics from a Noetherian symmetry
principle: invariance under local variations in the convention
for the phase of a QM wave function: U(1) symmetry.
1931: Dirac invents QED, discusses “non-integrable phase.”
1959: Aharonov & Bohm establish that potentials contain
too much information, fields too little, path-dependent
phase factors just the right amount.
Weyl in 1955:The strongest argument for my theory seemed to
be this: the gauge invariance corresponds to the principle of
conservation of electric charge as the coordinate invariance
corresponds to the conservation law of energy and momentum.
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Fit result for the electron decay rate = 1.23 cpd/100 tons

Why is charge conserved?
1) Maxwell’s equations. But they are built
to conserve charge (addition of the
displacement current to Ampère’s law).
2) Global phase invariance (Theorem I)
implies a conserved charge, which we
identify as the electric charge.
3) Local phase invariance (Theorem II)
gives a theory of electromagnetism,
full content of Maxwell’s equations.

Events / (day x 100 tons x 1 keV)

Charge conservation: Borexino, PRL (2015)
τ(e– → νγ) ≥ 6.6 ×1028 yr at 90% CL
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Data
Total spectrum, χ 2 /n.d.f = 177.43/147
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FIG. 1 (color online). Energy spectrum between 150 and
600 keV. The most prominent features are the 14C β spectrum
(green line), the peak at about 400 keV from 210 Po α decays, and
the solar neutrinos, grouped in the blue curve except for the
crucial pp neutrinos, which are shown in cyan. The effect of
event pileup, mostly overlapping 14C events, is shown in dashed
pink. The hypothetical monoenergetic 256 keV γ line is shown in
red at its 90% exclusion C.L. with an arrow indicating the mean
value of the detected energy, which is lower than 256 keV
because of quenching. The fit is done in the range 164–590 keV.
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Heisenberg, who would later say “In the beginning was the symmetry,” that is
certainly more correct than the Democritean thesis, “in the beginning was the
particle.” The elementary particles embody the symmetries, they are their
simplest representations, but they are only a consequence of the symmetries,
probably never read Noether: “[I]t did not penetrate into quantum theory, so I
didn’t realize the importance to that paper.” (cf. YK-S, pp. 85-86)

W. Heisenberg,
Der Teil und das Ganze, p. 280

Invariant Variational Problems made waves in GR circles, but
was not otherwise an instant sensation: a “Sleeping Beauty”

They were preoccupied with inventing Quantum Mechanics, which unleashes more of
the potency of Noether’s theorems. Internal symmetries not yet conceived.
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Link between spacetime
translation invariance
and 4-momentum conservation
did not dissuade Bohr from
asking whether the
conservation law might only be
satisfied statistically
in radiative processes
and β-decay

β
γ

→ 1936
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Göttingen: The Mother of Modern Algebra: Rings and Ideals
1922: Außerordentlicher Professor
1928-1929: Moscow
1930: Frankfurt
1932: Alfred Ackermann-Teubner Award with Emil Artin
1932: Plenary lecture at International Congress of Mathematicians, Zürich
edited Math. Annalen
Die Noetherknaben / “Der” Noether
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Göttingen: “Leben und Werk der Mathematikerin Emmy Noether 1882-1935”

Cordula Tollmien, tollmien.com

Expelled from Math/Physics Faculty, 1933
Felix Bernstein
Max Born
Richard Courant
Emmy Noether

S. Mac Lane, “Mathematics at Göttingen under the Nazis”
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Edelstein Collection, National Library of Israel

1934

Published: October 4, 1933
Copyright © The New York Times
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Cf. Qinna Shen, “A Refugee Scholar from Nazi Germany:
Emmy Noether and Bryn Mawr College”

Bryn Mawr, 1933–1935: graduate students
weekly trips to IAS, Princeton for seminars
and lecture courses.
Spring vacation, 1935: surgery, sepsis, death.
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Emmy Noether marker, Bryn Mawr College Cloisters
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Hermann Weyl:
I have a vivid recollection of her when I was in Göttingen as visiting professor in the
winter semester of 1926-1927, and lectured on representations of continuous
groups. She was in the audience; for just at that time the hypercomplex number
systems and their representations had caught her interest and I remember many
discussions when I walked home after the lectures, with her and von Neumann, who
was in Göttingen as a Rockefeller Fellow, through the cold, dirty, rain-wet streets of
Göttingen. When I was called permanently to Göttingen in 1930, I earnestly tried to
obtain from the Ministerium a better position for her, because I was ashamed to
occupy such a preferred position beside her whom I knew to be my superior as a
mathematician in many respects.
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Pavel Alexandrov:
With the death of Emmy Noether I lost the acquaintance of one of the most
captivating human beings I have ever known. Her extraordinary kindness of heart,
alien to any affectation or insincerity; her cheerfulness and simplicity; her ability to
ignore everything that was unimportant in life-created around her an atmosphere of
warmth, peace and good will which could never be forgotten by those who associated
with her. … Though mild and forgiving, her nature was also passionate,
temperamental, and strong-willed; she always stated her opinions forthrightly, and did
not fear objections. It was moving to see her love for her students, who comprised
the basic milieu in which she lived and replaced the family she did not have. Her
concern for her students' needs, both scientific and worldly, her sensitivity and
responsiveness, were rare qualities. Her great sense of humor, which made both her
public appearances and informal association with her especially pleasant, enabled her
to deal lightly and without ill will with all of the injustices and absurdities which befell
her in her academic career. Instead of taking offense in these situations, she laughed.
36
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of algebraic geometry a

Robert L. Mills & C. N.Yang, 1954:
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To learn more …
Auguste Dick (transl. H. I. Blocher), Emmy Noether 1882–1935 (1981)
M. K. Smith and J. W. Brewer, Emmy Noether: A Tribute to Her Life and Work (1981)
B. Srinivasan and J. Sally, Emmy Noether in Bryn Mawr (1983)
H. A. Kastrup, “The contributions of Emmy Noether, Felix Klein and Sophus Lie to the
modern concept of symmetries in physical systems” (1983)
L. M. Lederman and C. T. Hill, Symmetry and the Beautiful Universe (2007)
Y. Kosmann-Schwarzbach, The Noether Theorems (2011)
Celebrating Emmy Noether, a symposium at the Institute for Advanced Study (2016)
Peter J. Olver, “Emmy Noether’s Enduring Legacy in Symmetry” (2018)
Cordula Tollmien, “Emmy Noether (1882–1935),” emmy-noether.net (in German)
Ferdinand Ihringer, “Emmy Noether’s Habilitation” (in English)
Anne Gardiner Perkins, Yale Needs Women
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Auguste Dick, Emmy Noether 1882–1935
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Stephanie Magdziak sculpture

Role of women in US institutions (examples)
Yale: undergraduate women admitted in 1969,
graduate students, 1892
first science Ph.D.s, 1894 (astronomy & chemistry)
first physics Ph.D., 1932 ?
women on faculty since 1920, first tenured 1950s
first tenured in physics, 2001; in math, 2013
Princeton: undergraduate women admitted in 1969,
first full-time graduate student, 1961
first physics Ph.D., 1971
first tenured professor, 1968; in physics, 1998
Berkeley: undergraduate women from 1870
first physics Ph.D., 1926
first on physics faculty, 1981 (tenured)
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“I was observing the motion of a boat which was rapidly drawn along a narrow channel
by a pair of horses, when the boat suddenly stopped - not so the mass of water in the
channel which it had put in motion; it accumulated round the prow of the vessel in a
state of violent agitation, then suddenly leaving it behind, rolled forward with great
velocity, assuming the form of a large solitary elevation, a rounded, smooth and welldefined heap of water, which continued its course along the channel apparently without
change of form or diminution of speed. I followed it on horseback, and overtook it still
rolling on at a rate of some eight or nine miles an hour, preserving its original figure some
thirty feet long and a foot to a foot and a half in height. Its height gradually diminished,
and after a chase of one or two miles I lost it in the windings of the channel. Such, in the
month of August 1834, was my first chance interview with that singular and beautiful
phenomenon which I have called the Wave of Translation.” —John Scott Russell
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