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A Modern View of Scattering Amplitudes
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https://atlas.cern/updates/news/search-new-physics-processes-using-dijet-events

Particle Physics

Gravity, gravitational waves, binary inspirals

Artist’s impression
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At the LHC at CERN, protons collide against protons to
give rise to a spray of particles
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Zoom in… partons inside the protons
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Each proton has 2 up-quarks and 1 down-quark 

Quarks massive spin ½  fermions
up has charge +2/3 
down has charge -1/3
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Each proton has 2 up-quarks and 1 down-quark 

… and a quantum soup of quarks, anti-quarks, and gluons

Quarks massive spin ½  fermions
up has charge +2/3 
down has charge -1/3

Gluons massless spin 1 boson, self-interacting

All this described by 
QCD – Quantum Chromodynamics 
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Hadronizes => jets
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 Differential cross-section: probability of process as function of 
energy-momentum and scattering angles. 

Phase-space integral over the |amplitude|2

The scattering amplitude can be computed as the sum over Feynman diagrams

Perturbation theory in small coupling(s) => Tree-diagrams give the leading order contribution, loops are quantum corrections. 



Gluon Amplitudes

gg ! gg 4 diagrams
gg ! ggg 25 diagrams
gg ! gggg 220 diagrams
gg ! ggggg 2485 diagrams
gg ! gggggg 34300 diagrams
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[Mangano, Parke (1990)]

Feynman diagrams quickly become intractable… and this is only the leading order (tree-level)!

Yet, surprisingly, there exists very simple results for some of these amplitudes:   Gluons have helicity +1 or -1

An[g
+g+ ! g+g+ . . . g+g+] =

h12i4

h12ih23ih34i · · · hn1i
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[Parke-Taylor formula (1986)]

Spinor-helicity formalism hiji ⇠
q

(pi.pj)
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Efficient Calculation of Scattering Amplitudes

Up through the 90’s, a lot of new methods were developed to efficiently compute amplitudes relevant for 
particle phenomenology (high-energy parton scattering, W and Z production, Higgs,...) e.g.

- Berends-Giele off-shell recursion (1988+1990) 
- String-inspired methods & Generalized Unitarity [Bern, Dixon, Kosower,…]

Including use of supersymmetry to organize the calculations. Espc. N=4 Super Yang-Mills became a fruitful “testing lab”
for new methods. 
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Up through the 90’s, a lot of new methods were developed to efficiently compute amplitudes relevant for 
particle phenomenology (high-energy parton scattering, W and Z production, Higgs,...) e.g.

- Berends-Giele off-shell recursion (1988+1990) 
- String-inspired methods & Generalized Unitarity [Bern, Dixon, Kosower,…]

Including use of supersymmetry to organize the calculations. Espc. N=4 Super Yang-Mills became a fruitful “testing lab”
for new methods. 

Why are amplitudes so simple when the Feynman calculations make them appear so complicated????

2003 Witten’s twistor-string  => conjectured new formalism for  gluon amplitudes

Zvi Bern (UCLA) at Amplitudes 2021 (Aug 2021):  the “paper landed like a meteorite, sending shock waves to this day”

Þ on-shell recursion (BCFW)
Þ CSW, RSV, …. Many interesting

new amplitudes methods.



Shock waves….?

2003…. I was in grad school busy with other research things: 
Black Holes, Black Rings, and (later) Black Saturns,…  

… so while I saw excitement about amplitudes igniting those around… 

… I didn’t catch on…

.. not until early 2007… 

https://professional.ucsb.edu/international-programs
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Conventional wisdom holds that no four-dimensional gravity field theory can be ultraviolet finite.
This understanding is based mainly on power counting. Recent studies confirm that one-loop N = 8
supergravity amplitudes satisfy the so-called “no-triangle hypothesis”, which states that triangle
and bubble integrals cancel from these amplitudes. A consequence of this hypothesis is that for any
number of external legs, at one loop N = 8 supergravity and N = 4 super-Yang-Mills have identical
superficial degrees of ultraviolet behavior in D dimensions. We describe how the unitarity method
allows us to promote these one-loop cancellations to higher loops, suggesting that previous power
counts were too conservative. We discuss higher-loop evidence suggesting that N = 8 supergravity
has the same degree of divergence as N = 4 super-Yang-Mills theory and is ultraviolet finite in four
dimensions. We comment on calculations needed to reinforce this proposal, which are feasible using
the unitarity method.

INTRODUCTION

Conventional wisdom holds that it is impossible to con-
struct a finite field theory of quantum gravity. Indeed,
all widely accepted studies to date have concluded that
all known gravity field theories are ultraviolet divergent
and non-renormalizable [1–4]. If one were able to find
a finite four-dimensional quantum field theory of grav-
ity, it would have profound implications. In particular,
finiteness would seem to imply that there should be an
additional symmetry hidden in the theory.

Although power counting arguments indicate that
all known gravity field theories are non-renormalizable,
there are very few explicit calculations establishing their
divergence properties. For pure gravity, a field redef-
inition removes the potential on-shell one-loop diver-
gence [1, 2], but the calculation of Goroff and Sagnotti [5],
confirmed by van de Ven [6], explicitly shows that pure
Einstein gravity has an ultraviolet divergence at two
loops. If generic matter fields are added [1, 2] a diver-
gence appears already at one loop. If the matter is added
so as to make the theory supersymmetric, the divergences
are in general delayed until at least three loops (see e.g.
refs. [3, 4]). However, no complete calculations have been
performed to confirm that the coefficients of the poten-
tial divergences in supersymmetric theories are actually
non-vanishing.

One approach to dealing with the calculational difficul-
ties [7–11] makes use of the unitarity method [12–16], as
well as the Kawai, Lewellen and Tye (KLT) relations be-
tween open- and closed-string tree-level amplitudes [17].
In the low-energy limit the KLT relations express grav-

ity tree amplitudes in terms of gauge theory tree am-
plitudes [18]. Combining the KLT representation with
the unitarity method, which builds loop amplitudes from
tree amplitudes, massless gravity scattering amplitudes
– including their ultraviolet divergences – are fully deter-
mined to any loop order starting from gauge theory tree
amplitudes. In particular, for the case of N = 8 super-
gravity, the entire perturbative expansion can be built
from N = 4 super-Yang-Mills tree amplitudes [7]. It is
rather striking that one can obtain all the amplitudes
of N = 8 supergravity from the tree amplitudes of an
ultraviolet-finite conformal field theory.

The KLT relations between gauge and gravity ampli-
tudes are especially useful for addressing the question of
the ultraviolet divergences of gravity theories because,
from a technical viewpoint, perturbative computations
in gauge theories are much simpler than in gravity theo-
ries. With the unitarity method, these relations are pro-
moted to relations on the unitarity cuts. This strategy
has already been used [7] to argue that the first poten-
tial divergence in N = 8 supergravity would occur at five
loops, instead of the three loops previously predicted us-
ing superspace power counting arguments [4]. Using har-
monic superspace, Howe and Stelle have confirmed this
result [19]. Very interestingly, they also speculate that
the potential divergences may be delayed an additional
loop order.

In this note we reexamine the power counting of ref. [7]
for N = 8 supergravity. We demonstrate that there are
additional unexpected cancellations beyond those iden-
tified in that paper. Our analysis of the amplitudes is
based on unitarity cuts which slice through three or more
lines representing particles, instead of the iterated two-
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But maybe with enough 
supersymmetry: could it be
that all loop-divergencies cancel???

4-graviton amplitude shown to be
UV finite up to an incl. 3-loops

Conventional story:
Loops are UV divergent, need
renormalization. 
Gravity non-renormalizable 
Þ Problem unifying QM & GR

My interest: what do the symmetries have to say about these finiteness results?

4-loops? Higher point?



What are Gravity Amplitudes? 

Just like E&M is a force mediated by the photon, 
and QCD has gluons

gravity has gravitons

Massless spin 1

Massless spin 2

What do we mean by “gravity”?    Einstein General Relativity    =>     Einstein’s equation

EOM of the Einstein-Hilbert action S =
1

16⇡G

Z
d4x

p
�g R

<latexit sha1_base64="76H3o0POz/ptqHjTfcZHUTahPSY=">AAACGHicbVC5TsNAEF2HK4TLQEmzIkKigGCjiKNAiqCAMhw5pNhE6/U6WWV9sLtGRJY/g4ZfoaEAIdp0/A2bxAUkPGmkp/dmNDPPiRgV0jC+tdzM7Nz8Qn6xsLS8srqmr2/URRhzTGo4ZCFvOkgQRgNSk1Qy0ow4Qb7DSMPpXQz9xiPhgobBnexHxPZRJ6AexUgqqa0f3MIzaHkc4cRME/MIWhGFlym0aCChe19+gpZ44DLZ7yhtD9609aJRMkaA08TMSBFkqLb1geWGOPZJIDFDQrRMI5J2grikmJG0YMWCRAj3UIe0FA2QT4SdjB5L4Y5SXOiFXJW6Z6T+nkiQL0Tfd1Snj2RXTHpD8T+vFUvvxE5oEMWSBHi8yIsZlCEcpgRdygmWrK8IwpyqWyHuIpWSVFkWVAjm5MvTpH5YMsul0+tysXKexZEHW2Ab7AITHIMKuAJVUAMYPINX8A4+tBftTfvUvsatOS2b2QR/oA1+AOjBndo=</latexit>

spacetime curvature

G is Newton’s constant. In units with c = ~ = 1
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MPlanck = G�1/2 ⇡ 1019 GeV
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Perturbative Gravity

S =
1

16⇡G

Z
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gµ⌫ = ⌘µ⌫ + hµ⌫
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Expand the metric in fluctuations around flat space 

Flat space (no curvature)

fluctuation

 =
p
8⇡G
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schematically

Wave equation fluctuations of spacetime: gravitational waves!!!

Famously detected by LIGO: first event on Sep 14, 2015, announced Feb 2016 

2017 Nobel Prize (Weiss, Barish, Thorne)



Perturbative Gravity
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propagator
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Perturbative Gravity
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Expand the metric in fluctuations around flat space 

Flat space (no curvature)

fluctuation
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schematically

propagator

 

  

 

The graviton vertex Feynman rules are complicated…  

The need for e�cient calculational techniques

4-point amplitude:

[Sannan (1986)]

Result simple: M4 / A2
4,

M4 = 4 graviton amplitude
A4 = 4 gluon amplitude

(a)gravity=

Henriette Elvang Perturbative Gravity

+ about 3 times as many terms
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Do we care about graviton scattering?

S =
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schematically

The graviton interactions are controlled by                               which is dimensionful. 

Proper dimensionless coupling is terms of the characteristic energy E of the process

But with ,   even for LHC energies E ~ 10 TeV ~ 104 GeV,   the effective coupling is very very small.                      

E
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So why care about perturbative gravity and graviton self-interactions????

Tree level scattering captures the classical physics, i.e. same physics as Einstein’s equations. 
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Do we care about graviton scattering?  Yes!

Equivalence principle: gravitons interact with all other matter with the same coupling 

Two classes of corrections to this:     

1)    Moving masses => non-relativistic expansion in small v/c Post-Newtonian

2)    Higher powers in G   Post-Minkowskian
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The effective description of 
Black hole binary inspirals have

v2 ⇠ Gm

r
⌧ 1
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(Virial Theorem)



Do we care about graviton scattering?  Yes!

Binary black hole inspirals: 

Corrections in G as important as corrections in relative velocity v 

0PN 1PN 2PN 3PN 4PN 5PN 6PN 7PN

1PM ( 1 + v2 + v4 + v6 + v8 + v10 + v12 + v14 + . . . ) G1

2PM ( 1 + v2 + v4 + v6 + v8 + v10 + v12 + . . . ) G2

3PM ( 1 + v2 + v4 + v6 + v8 + v10 + . . . ) G3

4PM ( 1 + v2 + v4 + v6 + v8 + . . . ) G4

5PM ( 1 + v2 + v4 + v6 + . . . ) G5

6PM ( 1 + v2 + v4 + . . . ) G6

...

Figure 1: A summary of known results for the two-body potential for spinless black holes in
the PN and PM expansions, outlined in blue and green regions respectively. The new 3PM result
summarized in Ref. [59] and discussed at length in this paper is highlighted in the shaded (red)
region. The overlap gives strong crosschecks on any calculations in either approach.

order are shown Fig. 1. This expansion has recently received new attention [21, 46–63],

based in part on the connection of classical physics to quantum scattering amplitudes [64–

71]. Relativistic scattering amplitudes are naturally organized as a series in powers of

the coupling G, keeping all orders in the velocity, and for this purpose we define the PM

potential to be

V (p, r) =
1X

n=1

✓
G

|r|

◆n

cn(p2) , (1.2)

where the coe�cients cn are functions of p ⇠ v which contain arbitrarily high powers in

the velocity. Of course, whether the new information in PM dynamics can be directly used

to improve gravitational wave templates for inspiraling binary systems requires detailed

study, e.g. along the lines of Ref. [72]. Nonetheless, at the very least, as can be seen from

Fig. 1 the PM approximation is complementary to the PN approximation, providing results

for a subset of terms at each PN order.

The primary goal of this paper is to develop e�cient methods for high-precision pre-

dictions of the dynamics of gravitationally bound compact objects. By using scattering

amplitudes as the starting point, we take advantage of the enormous progress in the past

decade for computing and understanding them in gravitational theories, with systematically

improvable precision. This includes applying generalized unitarity [73–80] and double-copy

constructions [81–83], which have enabled explicit (super)gravity calculations at remark-

ably high orders of perturbation theory [84, 84–91]. The double copy allows us to express

gravitational scattering amplitudes in terms of corresponding simpler gauge theory ampli-

tudes, while generalized unitarity gives a means for building loop amplitudes from simpler

tree amplitudes. As we shall see, these can also be combined with spinor-helicity meth-

ods [92–94] which then yield amazingly compact expressions for unitarity cuts that contain

all information required to build the classical potential at 3PM.

The central idea in relating scattering amplitudes to the orbital dynamics of com-

– 3 –

[from: Bern, Cheung, Roiban, Shen, Solon (2019)]

Also: Gravitational EFT for 
extended objects 
[Goldberger + Rothstein 2004]



Higher powers in G?
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[Bjerrum-Bohr, Donoghue, Holstein (2002)]+ …+

+ + + +
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Higher powers in G?
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Graviton amplitudes

V = �Gm1m2
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[Bjerrum-Bohr, Donoghue, Holstein (2002)]



So, graviton scattering is something we care about!
(but is sounded like it was very complicated... with Feynman rules anyway)

+ ….

The need for e�cient calculational techniques

4-point amplitude:

[Sannan (1986)]

Result simple: M4 / A2
4,

M4 = 4 graviton amplitude
A4 = 4 gluon amplitude

(a)gravity=

Henriette Elvang Perturbative Gravity

+ …

Four such considerably complicated expressions from
Feynman diagrams. Add them up, and… 
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A4 = 4 gluon amplitude
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+ …

Four such considerably complicated expressions from
Feynman diagrams. Add them up, and… 

…  rather amazingly that the sum is simplifies to  

Double-copy

Agravity

n =

X

a,b

AYM

n [a] S [a|b]AYM

n [b] (1)

AL ⌦ R

n =

X

a,b

AL

n[a] S [a|b]AR

n [b] (2)

Agravity

4
= s AYM

4 [1234]AYM

4 [1243] (3)
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(p1+p2)2hh ! hh
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Double-Copy

Similar relations for higher-point
tree amplitudes too!



gravity = ( Yang-Mills )2

Many applications: Explore the UV structure of supergravity theories (finiteness?)

Gravitational radiation (3PM) Classical double-copy (EOM)

Enhancement of symmetries
Properties of string amplitudes

Chiral perturbation theory (e.g. pions) ->  galileonsGeneralizations to (A)dS

Double-Copy

Originally from string theory
[Kawai-Lewellen-Tye (1986)]
KLT relations



Side note

2007 my first paper on 
amplitudes was about a 
new double-copy tree-level 
formula.

[HE, Freedman (2007)]

(before I tell you more about the double-copy)

A few points in Amplitudes History

1960s S-matrix program 
1986 KLT double-copy relations
mid-1980s   Develop methods for amplitudes (off-shell recursion, generalized unitarity, …)
2003 Witten’s twistor string 
2006+07 Is 4d N=8 supergravity UV finite?  3-loop finiteness at 4-pt

missed that bus…
caught on    => 
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Side note

2007 my first paper on 
amplitudes was about a 
new double-copy tree-level 
formula.

[HE, Freedman (2007)]

(before I tell you more about the double-copy)

A few points in Amplitudes History

1960s S-matrix program 
1986 KLT double-copy relations
mid-1980s   Develop methods for amplitudes (off-shell recursion, generalized unitarity, …)
2003 Witten’s twistor string 
2006+07 Is 4d N=8 supergravity UV finite?  3-loop finiteness at 4-pt
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2010+11 Used symmetries to show no UV divergence possible in 4d N=8 supergravity 

until 7-loops at the earliest.
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2021 The Double-Copy Bootstrap
…

missed that bus…
caught on    => 

[HE, Freedman, Kiermaier (2010)]  [HE, Kiermaier (2010)]
[Beisert, HE, Freedman, Kiermaier,  Morales (2011)]

[Bern, Carrasco, Dixon, Johanson, Roiban (2009)]

[Bern, Carrasco, Chen, Edison, Johanson (2018)]

[Chi, HE, Herderschee, Jones, Paranjape (2021)]

That’s what I’ll tell you about next



gravity = ( Yang-Mills )2Double-Copy

How can the double-copy possibly work?????

YM gluon amplitudes can be color-ordered: An(1
a12a2 . . . nan) =

X
An[12 . . . n]Tr(T

a1T a2 · · ·T an)

<latexit sha1_base64="Bmb1xNV7dDGdVVHqrcdOk4FlkDo="></latexit>

kinematics group theory

A4[1234]   = 

A4[1243]  = 

L = LBAS + a0,0�4 + a1,id2�4 + a2,id4�4 + . . . (49)

s =(p1 + p2)2

t =(p1 + p3)2

u =(p1 + p4)2
(50)
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Poles 
1

s
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No good, because the graviton ampl has simple poles in s,t and u 



4d helicity book-keeping

gluon ⌦ gluon ! graviton
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�1 �1 �2
+1 �1 Z
�1 +1 Z̄

(40)

Z = �+ ia (41)

M4 = �sA4[1234]A4[1243] (42)

M4 = �
su

t
A4[1234]A4[1234] (43)

0 = A4[1243]�
u

t
A4[1234] (44)
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These two relations are examples of field theory KLT formulas at 4-point [Kawai-Lewellen-Tye (1985)] 
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What comes to the rescue is the multiplication KERNEL

That’s what makes the pole-structure work out!!

Similarly for another form of the double-copy:

The double-copy kernel:
1) Eliminates double-poles from A4 * A4
2) Provides “missing” poles



Another important aspect of field theory KLT:    KKBCJ relations
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and



Another important aspect of field theory KLT:    KKBCJ relations

And this is true for YM amplitudes.

This is an example of a BCJ (Bern-Carrasco-Johansson) relation at 4-point. 

Their difference must be zero, i.e. 
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the KK and BCJ relations are necessary conditions one must impose on the tree amplitudes
of a theory to be able to use it in the double-copy and they reduce the number of independent
color-ordered amplitudes from (n� 1)! to (n� 3)!. At 4-point, these 5 KKBCJ conditions
are comprised of

Trace-reversal: A4[1432] = A4[1234] , A4[1342] = A4[1243] , A4[1423] = A4[1324]

(1.15)
and

U(1)-decoupling: A4[1234] +A4[1243] +A4[1423] = 0 , (1.16)

BCJ: A4[1234]�
t

u
A4[1243] = 0 . (1.17)

If they do not hold, the result AL⌦R
n of attempting the double-copy may not be a well-defined

amplitude of any local theory.
The KKBCJ conditions (1.10) allow some models to be double-copied but not others. For
example, the amplitudes of a model with an adjoint scalar ' and a fully symmetry in-
teraction tr

�
'{','}

�
do not obey KKBCJ. Similarly, it was shown in [4] that adding an

operator trF 3 to YM theory does satisfy KKBCJ but adding trF 4 violates it.

1.2 Beyond Cubic BAS

Perhaps the reader is concerned that YM with a trF 4 cannot be double-copied. After all,
the low-energy expansion (i.e. ↵0-expansion) of the open string theory gluon amplitude does
indeed produce an operator of the form trF 4. And the KLT formula was originally derived
as a map from open string amplitudes to closed string amplitudes [1]. These statements
appear to be in conflict with trF 4 not passing the KKBCJ constraints. The resolution is
simple: the string KLT formula uses a string KLT kernel S(↵0)

n in place of the field theory
KLT kernel Sn. When ↵

0
! 0, the strings KLT kernel simply reduces at the leading order

to the field theory KLT kernel Sn described above. If we replace Sn in the KKBCJ relations
(1.10) by the ↵

0-expansion of S(↵0)
n , one can indeed show that the trF 4 operator is allowed.

Moreover, its Wilson coefficient is fixed to be exactly its value in the open string gluon
amplitude.
This example indicates that in order to systematically examine the double-copy in the
context of higher-derivative operators with general Wilson coefficients, we need to consider
generalizations of the KLT kernel. But the question then is: what are the rules for such
generalizations? The subject of this paper is to propose very simple rules for generalizations
of the KLT kernel and utilize them to formulate a “bootstrap” for the kernel. Let us now
outline the ideas, focusing on 4-point.
Just like the field theory KLT kernel, Sn can be written as the inverse of a submatrix of
BAS tree-amplitudes mn, as in (1.13), Mizera [7] showed that the string theory KLT kernel
S
(↵0)
n is the inverse of a (n�3)!⇥ (n�3)! submatrix of amplitudes m(↵0)

n . These amplitudes
m

(↵0)
n are obtained from the BAS tree-amplitudes mn by replacing the propagators 1/p2 by
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etc
Kleiss-Kuijf

and

“KKBCJ relations”



Upshot

• There exists a double-copy procedure that maps products of color-ordered tree-amplitudes in two theories 
into amplitudes of another theory.

e.g. gluon amplitudes in Yang-Mills theory 

e.g. graviton amplitudes in General Relativity (+ dilaton & axion)



Upshot

• There exists a double-copy procedure that maps products of color-ordered tree-amplitudes in two theories 
into amplitudes of another theory.

e.g. gluon amplitudes in Yang-Mills theory 

e.g. graviton amplitudes in General Relativity (+ dilaton & axion)

• Not all theories can be double-copied: must have tree-amplitudes that satisfy the KKBCJ relations 

YM theory Chiral perturbation theory (pions)

Super YM theory Bi-adjoint scalar model 

YM: trF2 � trF3 � trF4 � trD2F4 � trD4F4 �/� . . . (35)

S4[1234|1243] = � sin(��0s) = ���0s+
1

6
(��0s)3 + . . . (36)
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�bb

0
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0
(37)
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�dd

0
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tr�3 tr�4 tr�F2 (39)
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examples



Double-copy

FT⌦ FT YM N = 4 SYM �PT BAS

YM gravity+ N = 4 SG BI YM

N = 4 SYM N = 4 SG N = 8 SG N = 4 sDBI N = 4 SYM

�PT BI N = 4 sDBI sGalileon �PT

BAS YM N = 4 SYM �PT BAS
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Multiplication table for FT x FT -> FT

The double-copy is a map FT x FT  -> FT 

The kernel defines the multiplication rule of this map
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Multiplication table for FT x FT -> FT

The double-copy is a map FT x FT  -> FT 

The kernel defines the multiplication rule of this map

SG = Supergravity = gravity + supersymmetry
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Multiplication table for FT x FT -> FT

The double-copy is a map FT x FT  -> FT 

The kernel defines the multiplication rule of this map

BI = Born-Infeld nonlinear electrodynamics [Born and Infeld (1937)]
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Multiplication table for FT x FT -> FT

The double-copy is a map FT x FT  -> FT 

The kernel defines the multiplication rule of this map

N=4 sDBI = N=4 supersymmetric Dirac-Born-Infeld theory = low-energy effective action on D3-branes in string theory
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Multiplication table for FT x FT -> FT

The double-copy is a map FT x FT  -> FT 

The kernel defines the multiplication rule of this map

sGalileon = special Galileon (shows up in cosmology, effective brane actions, massive gravity, various model building) 
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Multiplication table for FT x FT -> FT

This map has an identity element 1: 
the bi-adjoint scalar model (BAS)

The double-copy is a map FT x FT  -> FT 

The kernel defines the multiplication rule of this map Cubic Bi-Adjoint Scalar model (BAS) 
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Multiplication table for FT x FT -> FT

This map has an identity element 1: 
the bi-adjoint scalar model (BAS)

The double-copy is a map FT x FT  -> FT 

The kernel defines the multiplication rule of this map Cubic Bi-Adjoint Scalar model (BAS) 

(1.6) as
L = L ⌦ 1 , R = 1⌦ R , 1 = 1⌦ 1 . (1.7)

If (1.6) is multiplied from both the left and right with the inverse of (n � 3)! ⇥ (n � 3)!

submatrices of BAS amplitudes mn, one finds that the KLT kernel Sn it itself the inverse
of a (n� 3)!⇥ (n� 3)! submatrix of BAS amplitudes; loosely written we have

Sn =
�
mn

��1
. (1.8)

We make this relation more precise in Section 2.1. For the 4-point case, this is particularly
simple though: using (1.4) we have for example

S4[1234|1234] =
�
m4[1234|1234]

��1
= �

su

tg
, S4[1234|1243] =

�
m4[1243|1234]

��1
= �

s

g
.

(1.9)
The latter is the kernel given below (1.2).
Equation (1.5) can be viewed as a set of linear relations among the single-color amplitudes
An. These relations combine the well-known Kleiss-Kuijf (KK) [5] and fundamental BCJ
identities [6]; the latter arise in the color-kinematics duality version of the double-copy
pioneered by Bern, Carrasco, and Johansson [6]. From the color-kinematic point of view,
the KK and BCJ relations are necessary conditions one must impose on the tree amplitudes
of a theory in order to be able to use it in the double-copy and they reduce the number of
independent color-ordered amplitudes from (n�1)! to (n�3)!. At 4-point, these 5 KKBCJ
conditions are comprised of

Trace-reversal: A4[1432] = A4[1234] , A4[1342] = A4[1243] , A4[1423] = A4[1324]

(1.10)
and

U(1)-decoupling: A4[1234] +A4[1243] +A4[1423] = 0 , (1.11)

BCJ: A4[1234]�
t

u
A4[1243] = 0 . (1.12)

If they do not hold, the result AL⌦R
n of attempting the double-copy may not be a well-defined

amplitude of any local theory.
The KKBCJ conditions (1.5) allow some models to be double-copied but not others. For
example, the amplitudes of a model with an adjoint scalar ' and a fully symmetry inter-
action tr

�
'{','}

�
does not obey KKBCJ. Similarly, it was shown in [7] that adding an

operator trF 3 to YM theory does satisfy KKBCJ but adding trF 4 violates it.
Perhaps the reader is concerned that YM with an trF 4 cannot be double-copied. After all,
the low-energy expansion (i.e. ↵0-expansion) of the open string theory gluon amplitude does
indeed produce an operator of the form trF 4. And the KLT formula was originally derived
as a map from open string amplitudes to closed string amplitudes [1]. These statements
appear to be in conflict with trF 4 not passing the KKBCJ constraints. The resolution is
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KLT algebra
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Understand the double-copy structure better
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(1.6) as
L = L ⌦ 1 , R = 1⌦ R , 1 = 1⌦ 1 . (1.7)

If (1.6) is multiplied from both the left and right with the inverse of (n � 3)! ⇥ (n � 3)!

submatrices of BAS amplitudes mn, one finds that the KLT kernel Sn it itself the inverse
of a (n� 3)!⇥ (n� 3)! submatrix of BAS amplitudes; loosely written we have

Sn =
�
mn

��1
. (1.8)

We make this relation more precise in Section 2.1. For the 4-point case, this is particularly
simple though: using (1.4) we have for example
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��1
= �
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tg
, S4[1234|1243] =

�
m4[1243|1234]

��1
= �
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g
.

(1.9)
The latter is the kernel given below (1.2).
Equation (1.5) can be viewed as a set of linear relations among the single-color amplitudes
An. These relations combine the well-known Kleiss-Kuijf (KK) [5] and fundamental BCJ
identities [6]; the latter arise in the color-kinematics duality version of the double-copy
pioneered by Bern, Carrasco, and Johansson [6]. From the color-kinematic point of view,
the KK and BCJ relations are necessary conditions one must impose on the tree amplitudes
of a theory in order to be able to use it in the double-copy and they reduce the number of
independent color-ordered amplitudes from (n�1)! to (n�3)!. At 4-point, these 5 KKBCJ
conditions are comprised of

Trace-reversal: A4[1432] = A4[1234] , A4[1342] = A4[1243] , A4[1423] = A4[1324]

(1.10)
and

U(1)-decoupling: A4[1234] +A4[1243] +A4[1423] = 0 , (1.11)

BCJ: A4[1234]�
t

u
A4[1243] = 0 . (1.12)

If they do not hold, the result AL⌦R
n of attempting the double-copy may not be a well-defined

amplitude of any local theory.
The KKBCJ conditions (1.5) allow some models to be double-copied but not others. For
example, the amplitudes of a model with an adjoint scalar ' and a fully symmetry inter-
action tr
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�
does not obey KKBCJ. Similarly, it was shown in [7] that adding an

operator trF 3 to YM theory does satisfy KKBCJ but adding trF 4 violates it.
Perhaps the reader is concerned that YM with an trF 4 cannot be double-copied. After all,
the low-energy expansion (i.e. ↵0-expansion) of the open string theory gluon amplitude does
indeed produce an operator of the form trF 4. And the KLT formula was originally derived
as a map from open string amplitudes to closed string amplitudes [1]. These statements
appear to be in conflict with trF 4 not passing the KKBCJ constraints. The resolution is
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The multiplication rule is defined by the double-copy kernel and it has an identity element

When the multiplication rule is changed, 
the identity element  is changed, and vice versa: 
The kernel and the identity model are uniquely linked!
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The KKBCJ conditions (1.5) allow some models to be double-copied but not others. For
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action tr
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does not obey KKBCJ. Similarly, it was shown in [7] that adding an

operator trF 3 to YM theory does satisfy KKBCJ but adding trF 4 violates it.
Perhaps the reader is concerned that YM with an trF 4 cannot be double-copied. After all,
the low-energy expansion (i.e. ↵0-expansion) of the open string theory gluon amplitude does
indeed produce an operator of the form trF 4. And the KLT formula was originally derived
as a map from open string amplitudes to closed string amplitudes [1]. These statements
appear to be in conflict with trF 4 not passing the KKBCJ constraints. The resolution is

– 3 –

KLT Bootstrap 
EquationGeneralize the KKBCJ / monodromy relations

(will not derive here; pls see 2106.12600)

Modify the BAS model  <=> new kernel
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operator trF 3 to YM theory does satisfy KKBCJ but adding trF 4 violates it.
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KLT Bootstrap 
EquationGeneralize the KKBCJ / monodromy relations

(will not derive here; pls see 2106.12600)

Generalize the KKBCJ / monodromy relations

We construct new double-kernels, specifically aimed at double-copies of Effective Field Theories (EFTs)

Gives a new formalism for understanding the structure of the double-copy.

Opens a new door for studies of the effective theories and their double-copy relationships
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Abstract: We formulate a new program to generalize the double-copy of tree ampli-
tudes. The approach exploits the link between the identity element of the “KLT algebra”
and the KLT kernel and we demonstrate how this leads to a set of KLT bootstrap equa-
tions that the double-copy kernel has to satisfy (in addition to locality constraints). We
solve the KLT bootstrap equations perturbatively to find the most general higher-derivative
corrections to the 4- and 5-point field theory KLT kernel. The new kernel generalizes the
string KLT kernel and its associated monodromy relations. It admits new color-structures
in the effective theories it double-copies. It provides distinct generalized KK and BCJ
relations for the left and right single-color theories and is in that sense a ‘heterotic’-type
double-copy. We illustrate the generalized double-copy in detail for 4d Yang-Mills theory
with higher-derivative corrections that produce dilaton-axion-gravity with local operators
up order r
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High-energy gluon scattering at particle colliders

Post-Minkowskian corrections to binary inspiral effective 
Hamiltonian

gravity = ( Yang-Mills )2(1.6) as
L = L ⌦ 1 , R = 1⌦ R , 1 = 1⌦ 1 . (1.7)
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The latter is the kernel given below (1.2).
Equation (1.5) can be viewed as a set of linear relations among the single-color amplitudes
An. These relations combine the well-known Kleiss-Kuijf (KK) [5] and fundamental BCJ
identities [6]; the latter arise in the color-kinematics duality version of the double-copy
pioneered by Bern, Carrasco, and Johansson [6]. From the color-kinematic point of view,
the KK and BCJ relations are necessary conditions one must impose on the tree amplitudes
of a theory in order to be able to use it in the double-copy and they reduce the number of
independent color-ordered amplitudes from (n�1)! to (n�3)!. At 4-point, these 5 KKBCJ
conditions are comprised of

Trace-reversal: A4[1432] = A4[1234] , A4[1342] = A4[1243] , A4[1423] = A4[1324]

(1.10)
and

U(1)-decoupling: A4[1234] +A4[1243] +A4[1423] = 0 , (1.11)
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t
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A4[1243] = 0 . (1.12)

If they do not hold, the result AL⌦R
n of attempting the double-copy may not be a well-defined

amplitude of any local theory.
The KKBCJ conditions (1.5) allow some models to be double-copied but not others. For
example, the amplitudes of a model with an adjoint scalar ' and a fully symmetry inter-
action tr
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does not obey KKBCJ. Similarly, it was shown in [7] that adding an

operator trF 3 to YM theory does satisfy KKBCJ but adding trF 4 violates it.
Perhaps the reader is concerned that YM with an trF 4 cannot be double-copied. After all,
the low-energy expansion (i.e. ↵0-expansion) of the open string theory gluon amplitude does
indeed produce an operator of the form trF 4. And the KLT formula was originally derived
as a map from open string amplitudes to closed string amplitudes [1]. These statements
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New bootstrap formalism for the double-copy

Summary
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same KLT kernel

Double-copy

FT⌦ FT YM N = 4 SYM �PT BAS

YM gravity+ N = 4 SG BI YM

N = 4 SYM N = 4 SG N = 8 SG N = 4 sDBI N = 4 SYM

�PT BI N = 4 sDBI sGalileon �PT

BAS YM N = 4 SYM �PT BAS
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The field theory landscape is incredibly rich

The double-copy is a map among theories that are extremely different:

• Yang-Mills: nice renormalizable theory, part of the Standard Model
• N=4 SYM: a conformal field theory, widely used in high energy theory
• gravity: non-renormalizable, but an amazing EFT!
• chiral perturbation theory: low-energy EFT of pions
• BI or sDBI: low-energy effective actions on D-branes
• special Galileon: used in cosmology, but by itself a swampland model

Connected by the “KLT algebra”.

The double-copy is part of exploring the space of field theories. 


