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Electronic States in a Crystal

e

Crystal => Artificial Vacuum for the electrons



Crystals - Artificial Vacuum for Electrons

Vacuum Tubes <1960s Transistor

Modify properties of the electron

Effective mass, electrons+holes etc.

“A sudden gasp filled the room when he flicked 

on an oscillator circuit,  
and it emitted a shrill tone instantaneously, with 

no warmup delay whatsoever.”  

Demonstration of the Transistor 1948  

From - Crystal Fire



• Semi-classical theory of electrons in a crystal

k

E

• Symmetry restored in a crystal – Berry Flux      
leads to an anomalous velocity. 

• Berry Flux is related to the Berry’s phase acquired 
by states in the band. “Quantum Geometry” of 
bands. 

Qualitatively new effects?



Qualitatively new effects in band structures

Graphene band structure

A B

Electrons governed by 2+1D massless Dirac equation!
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Graphene’s Electrons in Moiré lattice

Graphene Electrons  

+ Moire lattice 



From 
Quantum 
Magazine

MAGIC ANGLE ~1.1o: 
Tunneling time =  

Lattice Moire  
time

MAGIC ANGLE GRAPHENE

L = 12 nm



Continuum model
• Larger unit cell→ smaller BZone 
• Bistrizer-Macdonald (BM) model 

(2011) 

• Moire “potential” 

• Lattice relaxation: AB stacking 
favored to AA stacking (Carr et 
al. 2019, Nam, Koshino 2017)
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Valley K’

Momentum Space

E

MAGIC ANGLE GRAPHENE

E

Valley K

Y. Cao… (2018)
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Experiments

Yankowitz et al. Science

Valley K’

E

Valley K

Insulators

Superconductor

-4 +40

Balents et al 
NP `20

Superconductor



Chiral Model

2

derived, if it is known at one point in the Brillouin
Zone. An interesting mathematical aspect here is that
the wave function ratios are constructed from meromor-
phic doubly-periodic functions that are ratios of theta
functions, similar to those appearing in the Quantum
Hall E↵ect on the torus [44]. The CS-CM has a single
coupling constant ↵ = w1/(2v0kD sin(✓/2)) where v0

and kD are the bare velocity and crystal momentum
of graphene’s Dirac fermions. We show that pertur-
bation theory to high orders (up to ↵

8) matches with
numerical results very accurately near the first magic
angle. The sequence of magic angles that we find ↵ =
0.586, 2.221, 3.751, 5.276, 6.795, 8.313, 9.829, 11.345,...
reveals a remarkable asymptotic quasi-periodicity of
�↵ ' 3/2. Comparing with the reported magic angles
for the BM-CM, we see significant di↵erences except for
the first magic angle, see Table I. We finally turn on the
AA-coupling and study numerically how the bandwidth
and gap evolves and discuss the possibility of studying
the second magic angle in experiments.

Continuum model for Twisted Bilayer Graphene. The
continuum model describing a single valley of TBG con-

↵1 ↵2 ↵3
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FIG. 1. Absolutely flat bands in continuum TBG Hamiltonian
(1) with w0 = 0 : in this model, the absolutely flat band ap-
pears at exact values of magic angles ↵ = 0.586, 2.221, 3.751,
etc, where ↵ = w1/(v0k✓). Energy is given in dimensionless
units " = ↵(E/w1). On subfigures (a-c), the band is numer-
ically flat up to accuracy 10�16. (d) Moiré Brillouin Zone.
(e-f): The bandwidth for the lowest two bands vs ↵. The
band width drops to exact zero at the set of magic angles. At
the same points, we observe the maxima of the band gap.

TABLE I. Comparison of magic angles in continuum model
with w0 = 0 (first row) and with w0 = w1 (second row). Only
the first magic angles correspond.

↵1 ↵2 ↵3 ↵4 ↵5

CS-CM (here) 0.586 2.221 3.75 5.28 6.80

BM-CM (Ref. [35]) 0.606 1.27 1.82 2.65 3.18

siders two layers of graphene described by an e↵ective
Dirac fields near K,K

0 points of the moire (mini) Bril-
louin Zone, each rotated by an angle ±✓/2, and coupled
through a Moiré potential T (r) [3, 14, 35, 39]:

H =

 
�iv0�✓/2r T (r)

T
†(r) �iv0��✓/2r

!
, (1)

where �✓/2 = e
� i✓

4 �z (�x,�y)e
i✓
4 �z , r = (@x, @y) and

T (r) =
3X

j=1

Tje
�iqjr (2)

with q1 = k✓(0,�1), q2,3 = k✓(±
p
3/2, 1/2) and

Tj+1 = w0�0 + w1

�
cos(�j)�x + sin(�j)�y

�
, (3)

where � = 2⇡/3, k✓ = 2kD sin(✓/2) is the Moiré mod-
ulation vector and kD = 4⇡/(3a0) is the magnitude of
the Dirac wave vector, where a0 is the lattice constant
of monolayer graphene. The Hamiltonian (1) acts on the
spinor �(r) = ( 1,�1, 2,�2)T and the indices 1, 2 rep-
resent the graphene layer. Here w0 is responsible for the
AA coupling and w1 is for AB and AB couplings.

Chirally symmetric continuum model. In this Letter,
we study a model obtained from Hamiltonian (1) by set-
ting w0 = 0 [45]. Note, one can rotate the spinors to
eliminate the rotation in the kinetic terms �±✓/2 ! � in
the absence of the w0 term. The dimensionless Hamilto-
nian now acts on a spinor �(r) = ( 1, 2,�1,�2)T, and
can be compactly written in the form

H =

 
0 D

⇤(�r)

D(r) 0

!
, D(r) =

 
�2i@̄ ↵U(r)

↵U(�r) �2i@̄

!
,

(4)

where @̄ = 1
2 (@x + i@y) and U(r) = e

�iq1r + e
i�
e
�iq2r +

e
�i�

e
�iq3r. The Hamiltonian H has only one dimension-

less parameter ↵ = w1/(v0k✓) which fully controls the
physics of the system. A similar idea of switching o↵
the parameter w0 was investigated in Ref.[43]. It was ar-
gued there that the Hamiltonian (4) can be represented
as H = �(�ir + ↵A) and viewed as the Hamiltonian
for Dirac fermions propagating in a background SU(2)
non-Abelian field A.
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We#consider#a#continuum#model#
for#bilayer#graphene#with##
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Dimensionless#Hamiltonian#can#be#represented#in#a#
convenient#form
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I. MAGIC ANGLES

↵1 ↵2 ↵3 ↵4 ↵5

CS-CM 0.586 2.221 3.75 5.28 6.80

BM-CM 0.606 1.27 1.82 2.65 3.18

U(r) = e�iq1r + ei�e�iq2r + e�i�e�iq3r (1)

T (r) =

0

@ w0U0(r) w1U(r)

w1U⇤(�r) w0U0(r)

1

A (2)

Can#be#viewed#as#Dirac#fermions#in#a#non;abelian
SU(2)#gauge#field
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Tarnopolski, Kruchkov, AV

PRL 2019

Only AB coupling

Chiral Symmetry

{�z ⌦ 1,H} = 0

sublattice



Perfectly Flat Bands in the Chiral Model

α =
0.6
θo



Graphene’s Electrons in Moiré lattice

Graphene Electrons  

+ Moire lattice 

+ INTERACTIONS 



Insulators 

• Fill Bands. - requires flavor (spin/valley) ordering 

•  Model description - σ Jn+ ⋅ n−

K
K’

n+ n−

n+
n−

C = + 1 C = − 1



Landau Level Picture of Flat bands

• Fill 2 out of 4 bands.


•  Model - but topological features.σ

San Jose et al PRL (2012), Tarnopolsky et al,  PRL (2019), J. Liu et al, PRB (2019)

K
K’

n+ n−

n+
n−

C = + 1 C = − 1



Quantum Hall Ferromagnet and Skyrmions

• Anything interesting combining symmetry breaking + band topology?

"
<latexit sha1_base64="2pdSTo6N4yjUEIz41+gSY/5HSfs="></latexit>

A spin-degenerate Landau level

n=1$

n=2$

n=3$

Electric charge carried by Skyrmions.

Δ#
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Quantum Hall Ferromagnet and Skyrmions

• Quantum Hall Ferromagnet 

"
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A spin-degenerate Landau level

Cheapest charge excitation is the Skyrmion

Δ#
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Theory: Sondhi, Karlhede, Kivelson, Rezayi; Lee & Kane

Experiments: NMR - Barrett et al.  Liu…Zaletel, Yazdani.

ESkx 

=8πρ

Skyrmions are Charged



What is Fundamental?

Electron -> ferromagnet 

Ferromagnet -> electron 

"
<latexit sha1_base64="2pdSTo6N4yjUEIz41+gSY/5HSfs="></latexit>

A spin-degenerate Landau level

Δ#
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Tony Skyrme



Charged Skyrmions

EK, Chatterjee, Bultinck, Zaletel, Vishwanath arxiv:2004.00638

•Charge 2e bound state!

Effective Mass



Phase Diagram & Stiffness

Solve using large-N CPN 

μ
b
π

EK, Chatterjee, Bultinck, Zaletel, Vishwanath arXiv:2004.00638 

Numerical verification of skyrmion
mechanism 

Chatterjee et al. arxiv:2010.01144

J~2meV

J. Park, Y. Cao … Pablo `20

R

g

µ

K
I
V
C

Sigma model - 

ORDERED- Insulator

DISORDERED - Superconductor



Essential Ingredients for Superconductivity?

• Relatively few Moire materials apart from magic angle 
graphene with this symmetry. 

•  symmetry helps superconductivity in this setup
•Sublattice potential suppresses the coupling J

C2𝒯

•Twisted bilayer graphene aligned on hBN 
→ no superconduc8vity 
(Sharpe et al. Science 19, Serlin et al. 
Science 20)



New platforms for Superconductivity?
• Other systems with C2 symmetry

Jong	Yeon	Lee Eslam Khalaf

Khalaf,	Kruchkov,	Tarnopolsky,	AV,	1901.10485

2

φ =
1 + 5

2

Larger magic angles!
Flat band+Dirac

Alternating twist sandwich

Magic angle = 2 1.1o ∼ 1.55o

Carr et al. stability `19



Matthias’ Rules for Superconductivity

Bernd Matthias (1918-1980)

PABLO H-J PHILIP KIM



Experiments on Alternating Twist Trilayer

θ = 1.56o

+ many others now. Also 4 layers (at golden mean) and 5 layers also shown to be 
superconducting



Chern Insulators and Fractional Chern Insulators  
in Magic Angle Graphene

FCIs  

by fractional filling of Chern band?

Intrinsic Topological Order

Band 
Topology/
Geometry

Serlin et al. Sharpe et al. Science `19. Stepanov et al. PRL `21 
Magic angle graphene (+ aligned hBN)



Conclusions & Future Directions
• Skyrmions 


• A soluble strong coupling theory - not local DOS related.


• associated with nu=2 


• Connection to C2T symmetry, accounts for robust Sc 
platforms.


• Predicts new platforms.


• Future Directions & Challenges


• We want to incorporate fermions into the theory (coexisting 
fermions + Skx). 


• Connection to weak coupling theories?


• Role of strain in magic angle graphene?

https://scholar.harvard.edu/avishwanath/teachingLecture Notes:
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